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Abstract. Starting from an arbitrary cluster-tilting object T in a 2-Calabi- 
Yau category over an algebraically closed field, as in the setting of Keller 
and Reiten, we define, for each object L, a fraction X{T, L) using a formula 
proposed by Caldero and Keller. We show that the map taking L to X(T, L) 
is a cluster character, i.e. that it satisfies a certain multiplication formula. We 
deduce that it induces a bijection, in the finite and the acyclic case, between the 
indecomposable rigid objects of the cluster category and the cluster variables, 
which confirms a conjecture of Caldero and Keller. 



Introduction 

Cluster algebras were invented and studied by S. Fomin and A. Zelevinsky in 
[Uli [13], [II] and in collaboration with A. Berenstein in [I]. They are commutative 
algebras endowed with a distinguished set of generators called the cluster variables. 
These generators are gathered into overlapping sets of fixed finite cardinality, called 
clusters, which are defined recursively from an initial one via an operation called 
mutation. A cluster algebra is said to be of finite type if it only has a finite number 
of cluster variables. The finite type cluster algebras were classified in 13 . 

It was recognized in [26^ that the combinatorics of cluster mutation are closely 
related to those of tilting theory in the representation theory of quivers and finite 
dimensional algebras. This discovery was the main motivation for the invention of 
cluster categories (in [7| for the A„-case and in [4^ for the general case). These are 
certain triangulated categories [20j which, in many cases, allow one to 'categorify' 
cluster algebras: In the categorical setting, the cluster-tilting objects play the role 
of the clusters, and their indecomposable direct summands the one of the cluster 
variables. 

In [17], [H], [15], the authors study another setting for the categorification of 
cluster algebras: The module categories of preprojective algebras of Dynkin type. 
They succeed in categorifying a different class of cluster algebras, which also con- 
tains many cluster algebras of infinite type. 

Both cluster categories and module categories of preprojective algebras of Dynkin 
type are 2-Calabi-Yau categories in the sense that we have bifunctorial isomor- 
phisms 

Ext\X,r) ~ DExt^y,^), 

which are highly relevant in establishing the link with cluster algebras. This mo- 
tivates the study of more general 2-Calabi-Yau categories in [53], [H], [17], [M], 
|18) . [T5] . [3]. In order to show that a given 2-Calabi-Yau category 'categorifies' a 
given cluster algebra, a crucial point is 

a) to construct an explicit map from the set of indecomposable factors of 
cluster-tilting objects to the set of cluster variables, and 

b) to show that it is bijective. 

Such a map was constructed for module categories of preprojective algebras of 
Dynkin type in |17| using Lusztig's work |25| . For cluster categories, it was defined 
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by P. Caldero and F. Chapoton in . More generally, for each object M of the 
cluster category, they defined a fraction Xm in Q(a;i, . . . , a;„). The bijectivity 
property of the Caldero-Chapoton map was proved in 8 for finite type and in |10j , 
cf. also [2], for acyclic type. 

A crucial property of the Caldero-Chapoton map is the following. For any pair 
of indecomposable objects L and M of C whose extension space C(L, SAf ) is one- 
dimensional, we have 



where E denotes the suspension in C and where B and B' are the middle terms of 
'the' two non-split triangles with outer terms L and M . We define, in defintion 11.21 
a cluster character to be a map satisfying this multiplication formula. 

This property has been proved in [5] in the finite case, in [TS] for the analogue 
of the Caldero-Chapoton map in the preprojective case, and in piJ| in the acyclic 
case. 

The main result of this article is a generalisation of this multiplication formula. 
Starting from an arbitrary cluster-tilting object T and an arbitrary 2-Calabi-Yau 
category C over an algebraically closed field (as in the setting of [23,), we define, 
for each object L of C, a fraction Xj^ using a formula proposed in ^9, 6.1]. We show 
that the map L i— >■ Xj^ is a cluster character. We deduce that it has the bijectivity 
property in the finite and the acyclic case, which confirms conjecture 2 of [S]. 
Here, it yields a new way of expressing cluster variables as Laurent polynomials in 
the variables of a fixed cluster. Our theorem also applies to stable categories of 
preprojective algebras of Dynkin type and their Calabi-Yau reductions studied in 



Let k be an algebraically closed field, and let C be a 2-Calabi-Yau Hom-finite 
triangulated fc-category with a cluster-tilting object T (see section [1]). 

The article is organised as follows: In the first section, the notations are given 
and the main result is stated. In the next two sections, we investigate the exponents 
appearing in the definition of Xj. In section [21 we define the index and the coindex 
of an object of C and show how they are related to the exponents. Section |3] is 
devoted to the study of the antisymmetric bilinear form 

on mod EndgT. We show that this form descends to the Grothendieck group 
Ko(mod EndcT), confirming conjecture 1 of [HI 6.1]. In section SI we prove that 
the same phenomenon of dichotomy as in [TUl section 3] (see also [T5j) still holds 
in our setting. The results of the first sections are used in section [5] to prove the 
multiplication formula. We draw some consequences in section [521 Two examples 
are given in section [51 
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XlXm — Xb + Xb', 
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1. Main result 

Let k be an algebraically closed field, and let C be a fc-linear triangulated category 
with split idempotents. Denote by S its suspension functor. Assume moreover that 
the category C 

a) is Hom-finite: For any two objects X and Y in C, the space of morphisms 
C{X,Y) is finite-dimensional, 

b) is 2-Calabi-Yau: There exist bifunctorial isomorphisms 

C{X,^Y) ~ L>C(r,EX), 

where D denotes the duality functor Homfc(?,fc), and 

c) admits a cluster-tilting object T, which means that 

i) C(T, ST) = and 

ii) for any X in C, if C(X, ST) = 0, then X belongs to the full subcategory 
add T formed by the direct summands of sums of copies of T. 

For two objects X and Y of C, we often write {X, Y) for the space of morphisms 
C{X,Y) and we denote its dimension by y]- Similarly, we write ^{X,Y) for 
C(X, EF) and ^[X, F] for its dimension. Let B be the endomorphism algebra of 
T in C, and let modB be the category of finite-dimensional right i?-modules. As 
shown in [B], cf. also [53], the functor 

F:C — >modB , X< — >C{T,X), 
induces an equivalence of categories 

C/{^T) ^ mods, 

where (ST) denotes the ideal of morphisms of C which factor through a direct sum 
of copies of ST. 

The following useful proposition is proved in [23j and [24) : 

Proposition 1.1. Let X ^ Y -'^ Z ^ T,X be a triangle in C. Then 

. The morphism g induces a monomorphism in modi? if and only if f £ (ST). 
. The morphism f induces an epimorphism in modi? if and only if g £ C^T) 

Moreover, if X has no direct summands in addT,T, then FX is projective (resp. 
injective) if and only if X lies in add (T) (resp. in add (S^T) ). 
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Definition 1.2. A cluster character on C with values in a commutative ring A is 
a map 

X- ob]{C)^A 

such that 

. for all isomorphic objects L and M , we have x{L) — X,{M), 

. for all objects L and M of C, we have x(L ® M) = x{L)x{^^)j 

. for all objects L and M of C such that diniExt|^(L, M) = 1, we have 

x{L)x{M)^x{B)+x{B'), 

where B and B' are the middle terms of 'the ' non-split triangles 

L ^ B ^ M ^Y.L and M ^ B' ^ L ^ SM 

with end terms L and M . 

Let be a finite-dimensional B- module and e an element of Ko(modi?). We 
write Gre(A^) for the variety of submodules N' of N whose class in Ko(mod-B) 
is e. It is a closed, hence projective, subvariety of the classical Grassmannian 
of subspaces of N. Let x(Gre N) denote its Euler-Poincare characteristic with 
respect to the etale cohomology with proper support. Let ¥^^q{t!\oAB) denote the 
'split' Grothendieck group of mod B, i.e. the quotient of the free abelian group on 
the set of isomorphism classes [N\ of finite-dimensional -B-modules N ^ modulo the 
subgroup generated by all elements 

[Ni®N2] - [Ni] - [N2]. 

We define a bilinear form 

( , ) : KoP(modB) x KoP(modB) — > Z 

by setting 

{N, N') = [N, N'] - 1 [N, N'] 
for all finite-dimensional B-modules N and N' . We define an antisymmetric bilinear 
form on KQP(modi3) by setting 

{N,N')a = {N,N')~{N\N) 

for all finite-dimensional i?- modules N and N' . Let Ti, . . . , r„ be the pairwise non- 
isomorphic indecomposable direct summands of T and, for i = 1, . . . , n, let 5^ be 
the top of the projective _B-module Pi = FTi. The set {Si, i = 1, . . . , ri} is a set of 
representatives for the isoclasses of simple i3-modules. 

We need a lemma, the proof of which will be given in section [3. II 

Lemma 1.3. For any i — the linear form {Si,7)a ■ KQ^(modi?) Z 

induces a well-defined form 

{S^,l}a : Ko(modB) ^Z. 

Let indC be a set of representatives for the isoclasses of indecomposable objects 
of C. Define, as in [9, 6.1], a Caldero-Chapoton map, ■ indC — > Q(a;i, . . . , x„) 
by 

rp ( Xi if M ~ YiTi 

= I EeX(Gr.FM)nr=i-f '^^"-^""""^ else. 
Extend it to a map : C — )■ Q(xi, . . . , a;„) by requiring that ^Jf^jy = -^Ti-^'n- 
When there are no possible confusions, we often denote by Xm- The main 
result of this article is the following 

Theorem 1.4. The map cluster character. 

We will prove the theorem in section 15.11 illustrate it by examples in section [S] 
and draw some consequences in section [5.21 
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2. Index, coindex and Euler form 

In the next two sections, our aim is to understand the exponents appearing in 
the definition of Xm- More precisely, for two objects L and M of C, we want to 
know how the exponents in Xb depend on the choice of the middle term B of a 
triangle with outer terms L and M . 

2.1. Index and coindex. Let X be an object of C. Define its index 
indX G Ko(projB) as follows. There exists a triangle (see [KRl]) 

Tf ^X ^ ET^ 

with and Tj^ in addT. Define indX to be the class [FT^] - [FT^] in 
Ko(proji3). Similarly, define the coindex of X, denoted by coindX, to be the 
class [FT°] - [FT^] in Ko(projB), where 

X E^y^ _^ j^^ri- -)■ EX 
is a triangle in C with T^, € addT. 

Lemma 2.1. We have the following properties: 

(1) The index and coindex are well defined. 

(2) indX = -coindSX. 

(3) indTi = [Pi] and indSTj = -[P^] where Pi = FTi. 

(4) indX — coindX only depends on FX G modB. 

Proof. A right add T-approximation of an object X of C is a morphism T' — > X 
with T G add T such that any morphism T" — > X with T" G add T factors through 
/. It is called minimal if, moreover, any morphism T' T' such that fg = fis 
an isomorphism. A minimal approximation is unique up to isomorphism. 
Assertions (2) and (3) are left to the reader. 

(1) In any triangle of the form 

^ Ttf A X ^ STf^, 

the morphism / is a right add T-approximation. Therefore, any such triangle is 
obtained from one where / is minimal by adding a trivial triangle 

T' -)■ T' -s- ST' 

with T' G addT. The index is thus well-defined. Dually, one can define left approx- 
imations and show that the coindex is well-defined. 

(4) Let T' be an object in add T. Take two triangles 

Tq^ ^ X STi^ and 

X -)■ S^T^ -)■ S^Ti: -)■ EX 
with T^, T^, and Tj^ in addT. Then, we have two triangles 

e T' -)■ Tq^ -)■ X e ET' -)■ E(Ti^ e T') and 

X e ET' -s- E^T^ ^ E2(Ti T') ^ EX E^T'. 
We thus have the equality: 

ind(X e ET') - coind(X ET') = indX - coindX. 



□ 
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Proposition 2.2. Let X A- Z A- Y A- T,X be a triangle in C. Take C & C (resp. 
K & C) to he any lift of Cdkei Fg (resp. KeiFf). Then 

ind Z = ind X + ind y - ind C - ind S-^C and 
coind Z = coind X + coind Y — coind K — coind Y^K. 

Proof. Let us begin with the equality for the indices. First, consider the case where 
FC = 0. This means that the morphism e belongs to the ideal (ST). Take two 
triangles 

T^ — >T^ — ^X — > TT^ and T^ — >T^ — >Y — > TTY 

in C, where the objects T^^, T^ , Tj ^ T^ belong to the subcategory add T. Since the 
morphism e belongs to the ideal (ST), the composition Tq -^Y -A EX vanishes. 
The morphism Tq Y thus factors through g. This gives a commutative square 



rpX 

^0 



rpY 



Y. 



Fit it into a nine-diagram 
T^ 




whose rows and columns are triangles. Since the morphism T^ 
the triangle in the first row splits, so that we have 



ETj^ vanishes, 



Z' ~ © T^ and ind Z = ind X + ind Y. 



Now, let us prove the formula in the general case. Let FY — > M be a cokernel for 
Fg. Since the composition Fs Fg vanishes, the morphism Fe factors through a: 



FY 



Fe 



^FT.X. 




M 



Let Y C be a lift of a in C, and let ,5 be a lift of b. The images under F of 
the morphisms e and (3 a coincide, therefore the morphism j3 a — e belongs to the 
ideal (ET). Thus there exist an object T' in addT and two morphisms a' and /3' 
such that the following diagram commutes: 



-^EX. 





C © ET' 



Let C be the direct sum C © ET'. 
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The octahedral axiom yields a commutative diagram 




Y —^T^X 



whose two central rows and columns are triangles. Due to the choice of C, the 
morphisms 7', 7", hence 7 belong to the ideal (ST). We thus have the equalities: 

ind Y = ind C + ind 
iuAX = indy + indS~^C, 
ind Z = ind V + ind [/, 

giving the desired formula. Moreover, as seen in lemma I^TTI (4), the sum indC + 
indE~^C = indC — coindC does not depend on the particular choice of C. Apply 
this formula to the triangle 



Y.-^X 



Y.-^Y 



X 



and use lemma 12.1( 2) to obtain the formula for the coindices. Remark that the 
long exact sequence yields the equality of Coker( —FYi^^g) and Kei Ff. □ 

2.2. Exponents. We now compute the index and coindex in terms of the Euler 
form. 

Lemma 2.3. Let X € C be indecomposable. Then 



indX 



coind X 



Y.l=i{FX,S,)[P,] else, 
-[P,] ifXc^^T, 



E7=l{S^,FX)[P,] else. 

Proof. Let X be an indecomposable object in C, non-isomorphic to any of the ST^'s. 
Take a triangle 

with the morphism g being a minimal right add T-approximation, as defined in the 
proof of lemma \n\ We thus get a minimal projective presentation 



P,^ 



P 



X 



FX 







where P^ — FT^ ,i = 0,1. For any i, the differential in the complex 

vanishes. Therefore, we have 

[FX,S,] = [F6^,5,] = [P6^ 

'[FX,S,] = [Ff ,5,] = [Pf 

{FX,S,) = [mdX:P,]. 
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The proof for the coindex is analogous: We use a minimal injective copresentation 
of FX induced by a triangle 

X — > T?T^ — > Y?T^ — > HX. 

□ 

Let us write of for HlLi ^^i where e 6 Ko(proj B) and [e : P.i\ is the zth coefficient 
of e in the basis [Pi], . . . , [Pn\- Then, by lemma 1^31 for any indecomposable object 
M in C, we have 



Xm = X- *^ x(Gre FM) n 



<S.,e>„ 



3. The antisymmetric bilinear form 

In this part, we give a positive answer to the first conjecture of [9| 6.1] and 
prove that the exponents in Xm are well defined. The first lemma is sufficient 
for this latter purpose, but is not very enlightening, whereas the second proof 
of theorem 13.41 gives us a better understanding of the antisymetric bilinear form. 
When the category C is algebraic, this form is, in fact, the usual Euler form on the 
Grothendieck group of a triangulated category together with a t-structure whose 
heart is the abelian category mod B itself. 

3.1. The map X"^ is well defined. Let us first show that any short exact sequence 
in mods can be lifted to a triangle in C. 

Lemma 3.1. Let be a short exact sequence in mod 5. Then 

there exists a triangle in C 

X — >Y — > Z — > EX 
whose image under F is isomorphic to the given short exact sequence. 
Proof. Let 

(J — > X — > y — > z — > U 

be a short exact sequence in modi?. Let X — > K be a lift of the monomorphism 
X y in C. Fix a triangle 

— — > X — > ETf 

and form a triangle 

X — >Y (B T.T^ — > Z ^T.X . 
The commutative left square extends to a morphism of triangles 

X ^ Y ® HT^ ^ Z ^ EX 

I 

[0 1] I 
i ¥ 
X ^ ETf ^ ETo^ ^ EX. 

so that the morphism e lies in the ideal (ET). Therefore, the sequence 

— >x -^y — >FZ — >Q 



is exact, and the modules FZ and z are isomorphic. 



□ 
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Proof of lemma 

Let X be an object of the category C. Using section [521 we have 

n 

coindX -indX = '^{Si, FX)a [P^] ■ 
i=i 

Therefore, it is sufficient to show that the form 

Ko(modS) — > Z 

[FX] I — > coind X -indX 

is well defined. We already know that coind X — iriAX only depends on FX. Take 
Q ^ X ^ y ^ z ^ Q iohe a. short exact sequence in mod B. Lift it, as in lemma IXTl 
to a triangle 

X — >Y — > Z — > EX in C. 
By proposition 12. 2[ we have 

ind Y — coind Y = (ind X + ind Z) — (coind X + coind Z) 
which is the required equality. □ 
Corollary 3.2. The map 

XT :C ^Q{xi,...,xn) 

is well defined. 

3.2. The antisymmetric bilinear form descends to the Grothendieck group. 

In this subsection, we prove a stronger result than in the previous one. This gives 
a positive answer to the first conjecture in [51 6.1]. 

Lemma 3.3. Let T' be any cluster-tilting object in C. We have bifunctorial iso- 
morphisms 

c/(To(s-ix,y) ^ i?(T')(E-iy,x). 

Proof. Let X and Y be two objects of C, and let T[ — > ^ — > X ^ Y.T[ be a 
triangle in C, with Tq and T[ in addT'. Consider the morphism 

a: (T[,Y) {^-^X,Y) 

f ^ fo^-'r,- 

We have 

D{T'){^-^X,Y) ~ DIma ~ ImDa. 
Since the category C is 2-Calabi-Yau, the dual of a, Da, is isomorphic to 

a':(I]"^y,X) — > {T,-^Y,Y,T[) 
g I — > r]og. 

We thus have isomorphisms 

D{T'){J:-^X,Y) ~ Imof' 

~ (S~ir,X)/Kera' 

^ c/(To(s-^r,x). 

□ 

Theorem 3.4. The antisymmetric bilinear form { , )a descends to the Grothendieck 
group Kq (mod B) . 
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Proof. Let X and Y be two objects in the category C. In order to compute 
{FX, FY) = [FX, FY] - ^[FX,FY], let us construct a projective presentation 
in the following way. Let 

E-^X -^T^ — > X 

be a triangle in C with and being two objects in the subcategory addT. 
This triangle induces an exact sequence in mod B 

FT.-^X ^ FT^ ^ FT^ — > FX — ^ 0, 

where FT^ and FT^ are finite-dimensional projective _B-modules. Form the com- 
plex 

(*) — > YIouib{FT^ ,FY) — > UomBiFT^ ,FY) — > Horn b (FY.- '^X, FY). 

Since the object T is cluster-tilting in C, there are no morphisms from any object in 
addT to any object in add ST. The complex (*) is thus isomorphic to the following 
one : 

o^c(r6^,y) Ac(Tf,r) Ac/(ST)(s-ix,y), 

where /* (resp. g*) denotes the composition by / (resp. g). Therefore, we have 

Horns (FX, i^y) ^ Ker/* 
ExtB{FX,FY) ~ KergVim/*. 

We can now express the bilinear form as 

{FX, FY) = dim Ker /* - dim Ker g* + rk f* 
= [To-^,y]-[Tf^,y] + rk5*, 

with the image of the morphism g* being the quotient by the ideal (ST) of the 
space of morphisms from Y^^^X to Y, in C, which belong to the ideal (T): 

Im5* = (r)/(sr)(S-iX,r). 

Similarily, using an injective copresentation given by a triangle of the form 

X — > S^T]^ — > S^T^ SX, 

we obtain 

{FY, FX) - [Y, S^T"] - [Y, E^T^] + rk/3„ 
and Im /3* = (S^T) / i^^x) i^i SX) . By lemma [X51 we have bifunctorial isomorphisms 

(T)/(sT)(S-iX,r) ~ DiYT)/^r)i^-'Y,X) ~ i?(s2r)/(ST)(>', SX). 
Therefore, we have the equality 

{FX, FY) a - [To^, y] - [Ti^, F] - [Y, Y^T^] + [Y, S^T^] 

= [FTtf , FY] - [FT^ , FY] - [FY, FE^yO ] + [FY, FT?T}^] . 

Since FT is projective and FY.^T in injective, this formula shows that ( , )a de- 
scends to a bilinear form on the Grothendieck group Ko(modi3). □ 
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3.3. The antisymmetric bilinear form and the Euler form. In this subsec- 
tion, assume moreover that the category C is algebraic, as in (531 section 4]: There 
exists a fc-linear Frobenius category with split idempotents £ whose stable cate- 
gory is C. Denote by A4 the preimage, in £, of addT via the canonical projection 
functor. The category A4 thus contains the full subcategory P £ whose ob- 
jects are the projective objects in £, and we have A4 = addT. Let ModA4 be 
the category of A^-modules, i.e. of fc-linear contravariant functors from A4 to the 
category of fc- vector spaces. The category mod Al of finitely presented Al- modules 
is identified with the full subcategory of Mod of finitely presented A4-modules 
vanishing on V. This last category is equivalent to the abelian category modB of 
finitely generated B-modules. Recall that the perfect derived category perA^ is 
the full triangulated subcategory of the derived category of PModA^ generated 
by the finitely generated projective A^-modules. Define per^ A^ to be the full 
subcategory of per A4 whose objects X satisfy the following conditions: 

. for each integer n, the finitely presented A^-modulc H"X belongs to mod Al, 
. the module H"X vanishes for all but finitely many n G Z. 

It can easily be shown that per^ A^ is a triangulated subcategory of per A4 . More- 
over, as shown in [271. the canonical t-structure on I?Mod A^ induces a t-structure 
on per_^ Ai, whose heart is the abelian category mod Al- 
The following lemma shows that the Euler form 

Ko (per^X) x Kq (per^A^) — > Z 

{[X], [Y]) ^ {[X], [Y]) = Y^i-iy dimpcr^A^ {X, S'F) 

is well defined. 

Lemma 3.5. Let X and Y belong to per^ A4 . Then the vector spaces per^ A4 (X, Yi^Y^ 
are finite dimensional and only finitely many of them are non-zero. 

Proof. Since X belongs to per A^, we may assume that it is representable: There 
exists M in Ai such that X ~ M". Moreover, the module H"F vanishes for all 
but finitely many n ^ L We thus may assume Y to be concentrated in degree 
0. Therefore, the space per^ M {X, S^F) = per^ A^(Ar, E'H^F) vanishes for ah 
non-zero i. For i = 0, it equals 

Hom^i {M\ H°F) = H°y(M) 

= HomAi(Al(?,M),H°y) . 

this last space being finite dimensional. 

□ 



This enables us to give another proof of theorem 13.41 This proof is less general 
than the previous one, but is nevertheless much more enlightening. 
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Proof of theorem \3.4\ Let X and Y be two finitely presented Al- modules, lying in 
the heart of the t-structure on per^ . We have: 

HmY]) - 5](-l)Mimper^>((X,S'r) 

3 

(1) - ^(-l)'dimper^X(X,S'r) 

i=0 

^ dimper^X(X,r) -diniper^A^(X,I]r) 

+ dim per^ M {X, E^y ) _ dim per^ M (X, S^F ) 

(2) = dim per^ M (X, Y) ~ dim per^ M (X, YY) 

+ dim per^ M{Y,X)- dim per^ M (F, Y.X) 
= dim HomA4 Y) - dim Ext^(X, Y) 

+ dim HomAi(y, X) - dim Ext^(y, X) 

= mAy\)a 

where the classes are now taken in Ko(modi?). Equalities (1) and (2) are conse- 
quences of the 3-Calabi-Yau property of the category per^ A4, cf. [23]. □ 

4. Dichotomy 

Our aim in this part is to study the coefficients appearing in the definition of 
Xm- In particular, we will prove that the phenomenon of dichotomy proved in |10) 
(see also jl5j) remains true in this more general setting. 

Recall that we write for \Sa=\ ^1^^ ' where e G Ko(proj B) and [e : P^] is the 
ith coefficient of e in the basis [Pi], . . . , [P„]. 

Lemma 4.1. For any M ^ C, we have 

n 

Xm - X- ^'"'^ E x(Gre FM) J] '^^ " ■ 

e 2—1 

Proof. We already know that this formula holds for indecomposable objects of C, cf. 
section [521 Let us prove that it still holds for decomposable objects, by recursion 
on the number of indecomposable direct summands. 

Let M and N be two objects in C. As shown in [5], we have 

x{GigF{M®N))= E x{GTeFM)x{GrfFN). 

e+f=g 

Therefore, we have Xm®n = XmX^ — 



^- (coind M+coind AT) ^ ^ X (G^e FM) X (Gr/ PiV) J| X<^""+^>" 

g e+f=g 1=1 

n 



□ 



Lemma 4.2. Let M B — ^ L SAf be a triangle in C, and let U M 

and V L be two morphisms whose images under F are monomorphisms. Then 
the following conditions are equivalent: 



CLUSTER CHARACTERS FOR 2-CALABI-YAU TRIANGULATED CATEGORIES 



13 



i) There exists a submodule E C FB such that 
FV = {Fp)E and FU = {Fi)-^E, 

ii) There exist two morphisms e : T,~^V — >■ U and f : T,~^L 

a) iT.-^s){T,-^iv) = iue 

b) e G (T) 

c) tuf-^-'e G (ST). 

iii) Condition ii) where, moreover, e = /E^^iy. 

The following diagrams will help the reader parse the conditions: 

Fp 



FS-i L^-^^ FM FB 



Pu 



-^E- 



-^FL 



U such that 




Proof. Assume condition ii) holds. Then, by a), there exists a morphism of triangles 



-B- 
A 
I j 
I 

w- 



Take E to be the image of the morphism Fj. The morphism e factors through 
addT, so that we have FSe — and the functor F induces a commutative diagram 



FS-iL^-^ FM-^FB^ FL 



Fe 



^FEM 








Ftu E 








! \ 











Fiv 



U ^ FW ■ 



Pv- 



-^0 



whose rows are exact sequences. It remains to show that FU = {Fi)~^E. 

We have FU C {Fi)^^E since {Fi){Fiu) factors through the monomorphism 
E — > FB. The existence of the morphism F f shows, via diagram chasing, the 
converse inclusion. 



Conversely, let E C FB he such that FV = iFp)E and FU = [Fiy^E. In 
particular, FU contains KerFi = lmFT,~^e so that FE~^e factors through Fiu- 
This gives us the morphism /, satisfying condition c). Define the morphism e as 
follows. There exists a triangle 

where Ti,Tq belong to addT. Applying the functor F to this triangle, we get 
an epimorphism FTq FV with FTq projective. This epimorphism thus fac- 
tors through the surjection E — >■ FV, and composing it with E — >■ FB gives a 
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commutative square 

FTq > FV 

•• ' ' 

FB ^ FL. 

Since C(T, ST) = 0, this commutative square lifts to a morphism of triangles 
s-iy — ^ Ti > To ^ V 



M- 



B- 



The morphism Ti ^ M thus induced, factors through the morphism U 
Indeed, we have FU = {Fi)~^E and the following diagram commutes : 



M. 



FM 



FB 




FTi 



The morphism e is then given by the composition S — > Ti — > U. 
Let us show that condition ii) implies condition iii). By hypothesis, we have 

and 

iufT.-'^iv = iT,-^s){E-\v) mod (ST). 
Therefore, the morphism iu (/S~^ii/ — e) belongs to the ideal (ST). The mor- 
phism Fiu is a monomorphism. so that the morphism h := fT,~^iv — e lies in 
(ST). There exists a morphism S^^L — ^ U such that h = /S~^iy : 



s-^c — > s-iy > s-^i ■ 




Since the morphism S — > S lies in the ideal (T), there exists a morphism 
of triangles 

S-^C ^ S-iy ^ S-iT — — ^ C 



-'-V 



-^s-iy- 



STO 



ST^. 



The composition ZS ^zy belongs to the ideal (ST), so that the composition Z(S ^iv)u 
vanishes. We thus have a morphism of triangles 



s-iy ■ 



sto ■ 



ST^ 
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Therefore, we have {'E,~^iv)(l — wv) — 0, and there exists a morphism C U 
such that I — wv — I'c. The morphism Iq — I — I'c thus factors through ETi. Put 
/o = / — Zo- We have 

foT,~^iv = f'E~^iv — l'S~^iv + l'c'E~^iv — e 

and 

iufo = iuf - iuk 

= iuf mod (ET) 
= S-i£ mod (ST). 

□ 

Proposition 4.3. Let L,M G C be such that diniC(L, EA/) = 1. Let 

A: M B ^ L^ SAf 

and A' : L^ B' ^ M ^ EL 

be non-split triangles. Then conditions i) to Hi) hold for the triangle A if and only 
if they do not for the triangle A'. 

Proof. Define maps 

(S-iL,C/)©(S-iL,M) ^ C/(T) (E-iy,i7) ©(E-iy,Af)®C/(ST) (E-iL,Af) 

{f,v) ' — > (/S"^iy,i(7/E"^iy - ?7E"^iv,ic// - ??) 

and 

{Y.-^U,L)®i^-H'I,L) 4^ iT){Y.-^U,V)®i^-^M,V)®i^T){^-Hl,L) 

(ive' + g'J:-'^u + ^vf'^-'^u,~g' -ivf) ^ ie'J',g'). 

Since the morphism space C{L, EA/) is one-dimensional, the morphism e satisfies 
condition iii) if and only if the composition 

13 : Kera ^ (E-^i,?/) © {^-^L,M) ^ (E-ii,A-f) 

does not vanish. Assume condition iii) to be false for the triangle A. This happens 
if and only if the morphism /3 vanishes, if and only if its dual D/3 vanishes. Since the 
category C is 2-Calabi-Yau, lemma [3731 implies that the morphism is isomorphic 
to the morphism: 

/3' : (E-iA/,i) C ^(E-iC/,L)©(E-iA/,i) ^Cokera'. 

Therefore, /^'(E^^e) = is equivalent to E^^e being in Ima', which is equivalent 
to the existence of three mophisms e', /', g' as in the diagram 



1 f' 
E-^Af ^ L 




e 



such that 

e' G (T) 
g' e (ET) 
J:~^e' ^ivf' + g' 
ive' = (E-ie')(S''«a). 
We have thus shown that condition iii) does not hold for the triangle A if and only 
if condition ii) holds for the triangle A'. □ 
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5. The multiplication formula 

We use sections [5] and E] to prove the multiplication formula, and apply it to 
prove conjecture 2 in [9 . 

5.1. Proof of theorem 11.41 We use the same notations as in the statement of 
theorem 11.41 

Define, for any classes e,f,g in the Grothendieck group Ko(modi3), the following 
varieties 

Xe.f = {E C FB s.t. [{Fi)-^E] = e and [iFp)E] = /} 
Ye f = {E C FB' s.t. [{Fi'y^E] = f and [{Fp')E] = e} 
4/ = X^jriGTgiFB) 
Ks = Y.jrxG^a{FB'). 
We thus have 

Gr,(Fi?) - I]Xf_/ and Gr,(i^i3') = U^j- 

e,/ e,/ 

Moreover, we have 

x(Gre(FM) xGr/(i^L)) = ^(^ejUi;./) 

= X(^ej)+X(rej) 

= E(xK)+x(r/,)). 

where the first equality is a consequence of the dichotomy phenomenon as follows: 
Consider the map 

X,,f U Fej GveiFM) X Gr/(FL) 
which sends a submodule E of FB to the pair of submodules {{Fi)-'^E,{Fp)E). 
By proposition 14.31 it is surjective, and, as shown in [8 , its fibers are affine spaces. 

Lemma 5.1. Let e, / and g be classes in Ko(niodEndc(r)). Assume that y is 
non-empty. Then, we have 

^^(S'i, g)a[Pi] — coindS = ^^(5i,e + f)a — coindAf — coindL. 

Proof. Let i? be a submodule of FB in j:. Let U M and V L be two 
morphisms in the category C such that FU ~ {Fi)~^E, FV ~ {Fp)E and the 
images of iij and in mod B are isomorphic to the inclusions of FU in i^A/ and 
FV in FL respectively. Let G C be a lift of the kernel of Fi. By proposition [521 
the following equality holds: 

(1) coindS = coindAf + coindL — coindX — coind{YjK) . 

By diagram chasing, the kernel of Fi is also a kernel of the induced morphism from 
FU to E. Therefore, in Ko(modi?), we have 

(2) g^e + f~[FK]. 

We have the following equalities: 

^{Si,FK)a[Pi] = coindfsT-indfC (by lemma [221) 

= coindX + coind(Sii') fbv lemma 12. II) . 

Equality (2) thus yields 

(3) Y.'^S,,g)am - e + - coindi^ - coind(Si^). 

It only remains to sum equalities (1) and (3) to finish the proof. □ 
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Proof of theorem \1.4\ 

Using lemma HTTl we have 



n 

Xb = £~™'"'^^^x(GrgFB) J]a;f"^>° and 

g i=i 

n 



9 



Therefore 



XmXl = £-^°"'^^^-™'""5]x(Gre(FAf))x(Gr/(FL))I]^f"'^^^° 



E(xK)+x(r.^,))n 

Ex(n^/)n 

5]x(Gr,(^^B))n 



_|_^-coindB' /v-g ^ TT^(■5>'f><■ 

e,/,g 

coindsy- (Gr„(^^B))TTxi^-^> 



□ 

5.2. Consequences. Let Q be a finite acychc connected quiver, and let C be the 

cluster category associated to Q. 

An object of C without self-extensions is called rigid. An object of C is called 
basic if its indecomposable direct summands are pairwise non-isomorphic. For a 
basic cluster-tilting object T of C, let Qt denote the quiver of End (T), and Aq^ 
the associated cluster algebra. 

Proposition 5.2. A cluster character x on C with values in Q(2:i, . . . which 
sends a basic cluster-tilting object T of C to a cluster of Aqj, sends any cluster- 
tilting object T' of C to a cluster of Aq^, and any rigid indecomposable object to a 
cluster variable. 

Proof. Since the tilting graph of C is connected, cf. [?} proposition 3.5], we can prove 
the first part of the proposition by recursion on the minimal number of mutations 
linking T' to T. Let T" = T{'® • • -^T^ be a basic cluster-tilting object, whose image 
under x is a cluster of Aq^ . Assume that T' = T{®T^' ® ■ ■ ■ ® is the mutation 
in direction 1 of T" . Since x is a cluster character, it satisfies the multiplication 
formula, and theorem 6.1 of [S] shows that the mutation, in direction 1, of the 
cluster (x(r{'), • . • , x{T^)) is the cluster {x{T[),x{n), ■ • ■ , xl^'))- We have thus 
proved that the image under x of any cluster-tilting object is a cluster. It is 
proved in [H proposition 3.2] that any rigid indecomposable object of C is a direct 
summand of a basic cluster-tilting object. Therefore, the image under x of any 
rigid indecomposable object is a cluster variable of Aqj, . □ 
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Remark: As a corollary of the proof of proposition [521 a cluster character is charac- 
terised, on a set of representatives for the isoclasses of indecomposable rigid objects 
of C by the image of each direct summand of any given cluster-tilting object. In 
fact, using O 1.10], this remains true in the more general context of [3]: Let C 
be a Hom-finite triangulated 2-Calabi-Yau category having maximal rigid objects 
without loops nor strong 2-cycles. Denote by n the number of non-isomorphic 
indecomposable direct summands of any maximal rigid object. 

Lemma 5.3. Letxi andx2 be two cluster characters onC with values in Q(a;i, . . . , Xn)- 
Assume that xi o,nd xi coincide on all indecomposable direct summands of a cluster- 
tilting object T inC. Then xi cind X2 coincide on all direct summands of the cluster- 
tilting objects in C which are obtained from T by a finite sequence of mutations. 

The following corollary was conjectured for the finite case in [5]: Let C be the 
cluster category of the finite acyclic quiver Q. 

Corollary 5.4. Let T be any basic cluster-tilting object in C, and let Qt denote 
the quiver of End{T). Denote by T a set of representatives for the isoclasses of 
indecomposable rigid objects of C. Then induces a bijection from the set T 
to the set of cluster variables of the associated cluster algebra Aq^ , sending basic 
cluster-tilting objects to clusters. 

Proof. In view of theorem II. 4[ proposition 15.21 shows that the map sends rigid 
indecomposable objects to cluster variables and cluster-tilting objects to clusters. 
It remains to show that it induces a bijection. This follows from [lOl theorem 4], 
where it is proved for the Caldero-Chapoton map X^^ . 

As in the proof of proposition 15.21 we proceed by induction on the minimal 
number of mutations linking T to kQ. 

Let T' be a basic cluster-tilting object such that the map X^ induces a bijection 
from the set T to the set of cluster variables. Assume that T is the mutation in 
direction 1 of T'. Denote by / the canonical isomorphism from Aq^, to Aq^. 
Theorem 6.1 of [5 shows that the two cluster characters X'^ and / o X^ coincide 
on the indecomposable direct summands of ST. Therefore, they coincide on all 
rigid objects and the map also induces a bijection. □ 

Remark: We have shown that, for any basic cluster-tilting object T, we have a 
commutative diagram 

T 




Aq Aq^. 

where the arrow on the left side is the Caldero-Chapoton map. 

6. Examples 



6.1. The cluster category Ca^- The Auslander-Reiten quiver of is 
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The object T := Ti © r2 © T3 © T4 is cluster-tilting. Indeed, it is obtained from the 
image of the fcQ-projective module kQ in C^^ by the mutation of the third vertex. 
The quiver of B = Endc^^ (T) is 

7 

1^ 2^ 4 




with relations = 7^ = 0:7 = 0. For i = 1, . . . ,n, let Pi be the image of Ti in 
modi?, let li be the image of S^T^ and let Si be the simple top of Pj. Let M be 
the finite-dimensional 5-module given by: 



M = k- 



■k- 









The shape and the relations of the AR quiver of B are obtained from the ones of 
by deleting the vertices corresponding to the objects ETj and all arrows ending 
to or starting from these vertices. 

& ■< = I A 



Si=Pi 



■P2 



M > P4 = h 



h ^ 'S'2 



Let Mc be an indecomposable lift of M in C/I4 • The triangles 

Is — >T2 — > Mc — > ST3 and Ti — > T4 — > Y,-^Mc — > STi 

allows us to compute the index and coindex of Mc'. 

ind Mc = [P2]-[Pi] 
coind Mc = [Fi] - [P4]. 

Up to isomorphism, the submodules of M are 0, the simple 5*1, and M itself. We 
thus have 

X4X2 -1-2:4-1- X3X1 
Xmc = • 

X1X2 

6.2. The cluster category Cd^. The Auslander-Reiten quiver of Cd^ is 




The object T := Ti © T2 © T3 © T4 is cluster-tilting. 
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The quiver of B = Endc^ (T) is 



1 




2 



with the following relations: Any composition with the middle arrow vanishes, and 
the square is commutative. 

For i — l,...,n, let Pi be the image of Ti in modi?, let li be the image of 
S^Ti and let Si be the simple top of Pj. Let M and N be the finite-dimensional 
S-modules given by: 



k k 




M : k ^ TV : k 




k k 



As in the previous example, one can easily compute the AR-quiver of B. 




Pi S\ li 



The submodules of M are, up to isomorphism, 0, 5*1, 5*2, S\ © Si and M. Let Mq 
be an indecomposable lift of M in ■ Either by using add T-approximations and 
add ST- approximations or by [HI section 5.2], one can compute the triangles 

T3 — S- To — > Mc — > STa and Ti © T2 — > To — > E^^Af — > ETi ST2. 

We thus have 

ind Mc = [Po] - [P3], coind Mc - [Pi] + [P2] - [Pq] 

and 

(xo -I- 0:3)2 -I- a;iX2a;3 

y^Mc — ■ 

X0X1X2 
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